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Abstract
We discuss spontaneous spin current generation from the vacuum by strong electric fields as a
result of interplay between the Schwinger mechanism and a spin-orbit coupling. By considering
a homogeneous slow strong electric field superimposed by a fast weak transverse electric field,
we explicitly evaluate the vacuum expectation value of a spin current (the Bargmann-Wigner spin
current) by numerically solving the Dirac equation. We show that a non-vanishing spin current po-
larized in the direction perpendicular to the electric fields flows mostly in the longitudinal direction.
We also find that a relativistic effect due to the helicity conservation affects direction/polarization
of spin current.
∗ h taya@fudan.edu.cn
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I. INTRODUCTION
According to Dirac, our vacuum is not a vacant space, but can be understood as a sort
of semi-conductors, in which all the negative energy states are occupied by electrons (the
Dirac sea picture [1]). This implies that our vacuum may exhibit non-trivial responses
when exposed to a strong external field if its strength exceeds the electron mass scale me,
which characterizes “band gap energy” between the positive and negative energy bands
of electrons. Spontaneous electron and positron pair production from the vacuum (the
Schwinger mechanism) is one of the most non-trivial responses induced by strong electric
field [2–4]. This is an analog of the electrical breakdown of semi-conductors (or the Landau-
Zener transition [5–8]) in condensed matter physics. Intuitively, the strong electric field tilts
the energy bands, and a level crossing occurs. Therefore, an electron filling the Dirac sea
is able to move into the positive energy band via quantum tunneling, leaving a hole (i.e.,
positron) in the Dirac sea. After the production, electrons and positrons are accelerated
by the electric field, so that their dynamics is determined by the specetime profile of the
electric field. In the previous researches, less attention has been paid to spin dynamics in the
Schwinger mechanism because it is naively believed that electric fields and/or the tunneling
process do not couple to spin degrees of freedom.
Recently, there has been significant progress in the research area of spintronics, in which
spin polarization/transport is well controlled by optimizing the spacetime profile of exter-
nal fields [9]. In contrast to the research area of the Schwinger mechanism, it is widely
recognized in this area that electric fields do play an important role in controlling spin po-
larization/transport through a spin-orbit coupling s · (j × E), where j is a U(1) charge
current and s is spin (e.g. spin-Hall effect [10–12]). Microscopically, one can derive the spin-
orbit coupling term for an electron by taking the non-relativistic limit of the Dirac equation
[13, 14]. Intuitively, this occurs because a particle moving with velocity v in the vicinity of
an electric field E effectively feels a magnetic field in its rest frame because of the Lorentz
boost Beff ∝ v × E. The direction of the effective magnetic field is perpendicular with
respect to the velocity and the electric field in the observer frame. Therefore, the effective
magnetic field polarizes the particle’s spin along the perpendicular direction through the
spin-magnetic coupling. Notice that the polarization through the spin-orbit coupling does
not require the existence of a magnetic field in the observer frame, so that it is purely an
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FIG. 1. Schematic picture of spin current generation from the vacuum by a strong slow electric
field superimposed by a transverse weak fast electric field.
electric effect.
In this paper, we for the first time discuss spontaneous spin current generation from
the vacuum as a result of interplay between the Schwinger mechanism and the spin-orbit
coupling. Namely, we consider a strong slow electric field superimposed by a transverse
weak fast electric field (see Fig. 1). Similar setups have been discussed in the dynamically
assisted Schwinger mechanism [15–19], which is an analog of the Franz-Keldysh effect in
condensed matter physics [20–24]. In this setup, electron and positron pairs are sponta-
neously produced from the vacuum via the Schwinger mechanism (plus some perturbative
enhancement). Then, a U(1) charge current flows not only in the longitudinal direction but
also in the transverse direction because of the acceleration by the two electric fields. As the
transverse electric field is changing rapidly in time, the U(1) charge current also changes but
lags behind the electric field. This implies that j ×E becomes non-zero. Thus, spin would
be polarized through the spin-orbit coupling, and a spin current flows. Notice that for a
single electric field pointing just to one direction, j ×E is always vanishing, so that spin is
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never polarized. The superposition of a time-dependent transverse electric field is essential
in the present spin current generation mechanism.
Notation and convention: We adopt the natural unit ~ = c = 1. We work in the
Heisenberg picture throughout this paper, and Heisenberg operators are indicated by a hat
as ψˆ.
II. SETUP
We consider quantum electrodynamics (QED) in the presence of a homogeneous slow
strong electric field E¯ superimposed by a fast weak transverse electric field E with frequency
Ω,
Aµ =

(0, 0, 0, 0) (t < 0)
(0, E sin(Ωt)/Ω, 0, E¯t) (0 < t < T )
(0, E sin(ΩT )/Ω, 0, E¯T ) (t > T )
, (1)
where xµ = (t, x, y, z) and we defined the x- and the z-axis by the direction of the fast weak
electric field E and the slow strong electric field E¯, respectively. We adopted the temporal
gauge At = 0, and assumed that the fields have finite lifetime T > 0 so as to make sure that
the system becomes non-interacting at |t| → ∞. Note that the sudden switching on and off
at t = 0, T are not essential in our results as they do not affect spin dynamics.
III. CANONICAL OPERATOR FORMALISM UNDER EXTERNAL FIELDS
We discuss spin current generation from the vacuum by the external electric field Aµ (1)
by explicitly evaluating a vacuum expectation value of a spin current operator at t→∞ on
the basis of the canonical operator formalism under external fields (see, e.g., Ref. [25]).
To this end, we first expand the field operator ψˆ as
ψˆ(x) =
∑
s
∫
d3p
[
Up,s(t)aˆ
in
p,s + Vp,s(t)bˆ
in†
−p,s
] eip·x
(2pi)3/2
. (2)
Here, p and s label canonical momentum and spin, respectively. We also introduced the
mode functions Up,s, Vp,s which are two independent solutions of the Dirac equation in the
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momentum space
0 =
[
iγ0∂t − γ · P −m
]Up,s
Vp,s
 , (3)
where m and P (t) ≡ p − eA(t) are electron’s mass1 and kinetic momentum, respectively.
We require the mode functions Up,s, Vp,s to satisfy a boundary condition set at t = 0,
Up,s(0) = up,s, Vp,s(0) = vp,s, (4)
where up,s, vp,s are the Dirac spinors satisfying
0 =
[
γ0ωp − γ · p−m
]
up,s =
[
γ0ωp + γ · p+m
]
vp,s (5)
with ωp ≡
√
m2 + p2 being on-shell energy. Namely, we require that for t < 0 the mode
functions Up,s, Vp,s coincide with the plane wave with positive/negative frequency mode.
Therefore, one can naturally identify aˆinp,s, bˆ
in
p,s as annihilation operators for an electron and
a positron at in-state t = −∞, respectively. By normalizing the mode functions
U †p,sUp,s′ = V
†
p,sVp,s′ = δss′ , U
†
p,sVp,s′ = 0, (6)
the anti-commutation relations for the annihilation operators read {ain†p,s, ainp′,s′} = {bin†p,s, binp′,s′} =
δss′δ
3(p − p′) and the others are vanishing. The annihilation operators aˆinp,s, bˆinp,s define an
in-vacuum state |0; in〉 as
0 = aˆinp,s |0; in〉 = bˆinp,s |0; in〉 for any p, s. (7)
In the presence of external fields, the annihilation operators aˆinp,s, bˆ
in
p,s at in-state t = −∞,
are no longer the same as those at out-state t = +∞, which we write aˆoutp,s , bˆoutp,s . This is
because the interactions with the fields mix up the particle and anti-particle modes during
the time-evolution 0 < t < T . As the system is non-interacting for t > T , one can safely
expand ψˆ in terms of the plane waves and identify aˆout, bˆout as the expansion coefficients of
the plane wave expansion. Thus, from the orthonormality of the Dirac spinors up,s, vp,s, one
finds  aˆoutp,s
bˆout†−p,s
 = lim
t→+∞
∫
d3x
e−ip·x
(2pi)3/2
u†P ,se+iωP t
v†P ,se
−iωP t
 ψˆ. (8)
1 Historically, the Schwinger mechanism was first invented in the context of QED, for which the mass m
is given by the electron mass me ∼ 511 keV. Nevertheless, the idea of the Schwinger mechanism, i.e.,
pair production of charged particles by a strong electric field, is applicable to any charged particles with
arbitrary mass (even massless), and hence we treat the mass m as a free parameter in the following.
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On the other hand, as the Dirac equation (3) is free from interactions for t > T , one may
express the mode functions Up,s, Vp,s as a linear combination of the plane waves asUp,s
Vp,s
 = ∑
s′
M (Uu)p;s,s′ M (Uv)p;s,s′
M
(V u)
p;s,s′ M
(V v)
p;s,s′
uP (T ),se−iωP (T )t
vP (T ),se
+iωP (T )t
 . (9)
The matrix elements M
(ij)
p;s,s′ are diagonal in momentum p because of the spatial homogeneity
of the field configuration (1). In contrast, M
(ij)
p;s,s′ is off-diagonal in terms of spin s because the
external fields (1) can affect spin dynamics. Mathematically, this occurs when eigenvectors of
the spin-electromagnetic coupling in the Dirac equation, γµγνFµν with field strength tensor
F µν ≡ ∂µAν − ∂νAµ, become time-dependent. The eigenvectors are time-independent if a
given electric field configuration is time-dependent E(t) = const. and/or is pointing only
to one direction as E(t) ∝ Ei(t)ei (i = x, y, z). In other words, one has to superimpose
two electric fields with different directions (of which one electric field, at least, should be
time-dependent) just as the field configuration (1) in order for the eigenvectors to be time-
dependent, i.e., for the matrix elements M
(ij)
p;s,s′ to be off-diagonal in spin. If M
(ij)
p;s,s′ is diagonal
in spin s, the resulting dynamics is trivial in terms of spin and no spin current flows.
By plugging Eq. (9) into Eq. (8), one finds that the annihilation operators at in- and
out-states are related with each other as aˆoutp,s
bˆout†−p,s
 = ∑
s′
M (Uu)p;s′,s M (V u)p;s′,s
M
(Uv)
p;s′,s M
(V v)
p;s′,s
 aˆinp,s′
bˆin†−p,s′
 . (10)
Now, it is evident that the in-vacuum state |0; in〉 is no longer annihilated by the out-state
annihilation operators 0 6= aˆoutp,s |0; in〉 , bˆoutp,s |0; in〉. Therefore, an out-vacuum state |0; out〉,
which is a state such that
0 = aˆoutp,s |0; out〉 = bˆoutp,s |0; out〉 for any p, s, (11)
does not coincide with the in-vacuum state |0; in〉 6= |0; out〉. Physically, this is because
electron and positron particles are spontaneously produced from the in-vacuum state 0 6=
〈0; in|aˆout†p,s aˆoutp,s |0; in〉 , 〈0; in|bˆout†p,s bˆoutp,s |0; in〉 due to the interactions with the external fields (the
Schwinger mechanism). The distinction between the in- and out-vacua should be treated
carefully in evaluating physical observables, which we briefly explain below.
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IV. OBSERVABLES
Physical observables (e.g. spin current, U(1) charge current) at out-state are defined as
an in-in expectation value of a corresponding composite operator as
O ≡ lim
t→∞
〈0; in| : ψˆ†Oψˆ : |0; in〉 , (12)
where we assumed that the system is initially a vacuum, i.e., |in〉 = |0; in〉. Notice that the
bare expectation value limt→∞ 〈0; in|ψˆ†Oψˆ|0; in〉 is ultra-violet (UV) divergent because of the
uninterested vacuum contribution at the out-state limt→∞ 〈0; out|ψˆ†Oψˆ|0; out〉. Therefore,
we regularized the UV-divergence in Eq. (12) as
lim
t→∞
〈0; in| : ψˆ†Oψˆ : |0; in〉 ≡ lim
t→∞
[
〈0; in|ψˆ†Oψˆ|0; in〉 − 〈0; out|ψˆ†Oψˆ|0; out〉
]
. (13)
Note that Eq. (13) is vanishing if |0; in〉 = |0; out〉. That is, only when particles are produced
from the initial vacuum via the Schwinger mechanism, can physical observables be non-
vanishing.
It is convenient to re-express Eq. (12) in terms of the matrix elements M
(ij)
p;s,s′ . One can
show that
O =
∑
s,s′,s′′
∫
d3p
(2pi)3
[
M
(V u)∗
p;s,s′ M
(V u)
p;s,s′′
(
u†P (T ),s′OuP (T ),s′′
)
+
(
M
(V v)∗
p;s,s′ M
(V v)
p;s,s′′ − δss′δss′′
)(
v†P (T ),s′OvP (T ),s′′
)]
. (14)
Note that one may discard severely oscillating contributions ∝ e∓2iωP (T )t t→∞−−−→ 0 thanks
to the i-prescription of quantum field theory. Physically, the first and the second terms
represent contribution from electrons and positrons, respectively. The formula (14) suggests
that it is sufficient to evaluate the matrix elements M
(ij)
p;s,s′ in order to evaluate an observable
O. This can be done by numerically solving the Dirac equation (3).
V. SPIN-CURRENT GENERATION
We explicitly evaluate the in-vacuum expectation value of a spin current, and show that
a spin current is spontaneously generated from the vacuum by the strong electric fields (1).
7
-0.0006
-0.0004
-0.0002
 0
 0.0002
 0.0004
 0  2  4  6  8  10  12  14
 s
pi
n 
cu
rre
nt
 (J
s
i )j
/m
3  
 duration mT 
 0=(Jsx)x = (Jsx)z = (Jsy)y = (Jsz)x = (Jsz)z 
 (Jsx)y 
 (Jsy)x 
 (Jsy)z 
 (Jsz)y 
FIG. 2. Spin current J i as a function of the duration of the field T . Parameters are fixed as
eE¯/m2 = 1, eE/m2 = 0.2,Ω/m = 1.
For this aim, we consider the Bargmann-Wigner spin current J i [26–29]2,
J i ≡ lim
t→∞
〈0; in| : ψˆ†J iψˆ : |0; in〉 , (15)
where
J i ≡ αi
(
βΣ +
P
m
γ5
)
, (16)
with the Dirac matrices αi ≡ γ0γi, β ≡ γ0, γ5 ≡ iγ0γ1γ2γ3, and the spin tensor Σi ≡
γ5γ0γi = (iγ2γ3, iγ3γ1, iγ1γ2). The Bargmann-Wigner spin current is a relativistic general-
ization of the non-relativistic spin current J iNR ≡ Σvi with vi being velocity. Indeed, by
sandwiching with the plane waves ψ
(0)
p,s = uP ,s, vP ,s, one obtains
ψ(0)†p,s J iψ(0)p,s′ = ψ(0)†p,s Σ
P i
m
ψ
(0)
p,s′
m→∞−−−→ ψ(0)†p,s J iNRψ(0)p,s′ . (17)
Note that it is sufficient to consider the plane waves because all the fermion bi-linears
appearing in the formula (14) are sandwiched by the plane waves.
2 Strictly speaking, the Bargmann-Wigner current describes a flow of magnetic moment. Indeed, Eq. (16)
has an odd parity under charge conjugation for i 6= j. The diagonal component i = j has an even parity
under charge conjugation, but is vanishing if the pseudo-scalar condensate 〈ψˆ†γ0γ5ψˆ〉 is vanishing. In the
present study, the parity symmetry is strictly preserved, so that the diagonal component is vanishing, and
hence the Bargmann-Wigner spin current is always odd under charge conjugation.
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FIG. 3. The direction of the electric field arctan(Ex/Ez) and U(1) charge current arctan(jx/jz) as
a function of the duration of the field T . The parameters are the same as Fig. 1.
Figure 2 shows the spin current J i = ((Jsx)
i, (Jsy)
i, (Jsz)
i) as a function of the duration
of the fields T . It is evident that a non-vanishing spin current is generated, and (Jsy)
z is the
largest. Intuitively, this can be understood in the following manner: Firstly, electrons and
positrons are produced from the vacuum via the Schwinger mechanism. Then, the produced
particles are accelerated by the electric field E ≡ E¯ + E , and a U(1) charge current,
ji ≡ lim
t→∞
〈0; in| : ψˆ†αiψˆ : |0; in〉 , (18)
flows. The U(1) charge current has non-vanishing jx, jz because Ex, Ez 6= 0. It is impor-
tant here that j is not necessarily directing to the electric field’s direction j ∝/ E for the
superimposed electric field configuration (1); see Fig. 3. This is because it requires some
finite time for j to follow the change of the electric field’s direction if the frequency Ω is
fast enough. This implies that the relative angle between E and j is non-zero. Therefore,
their cross product is also non-zero E × j 6= 0, which aligns spin along E × j ∝ ey through
the spin-orbit coupling. As a result, we have spin polarization aligned in the y-direction
flowing in the x- and z-direction, i.e., (Jsy)
x, (Jsy)
z 6= 0. Since the longitudinal slow field E¯
is stronger than the transverse fast field E , j is basically directing to the z-axis, |jz|  |jx|,
so that |(Jsy)z|  |(Jsy)x| follows. We emphasize that spin is never polarized without the
superposition of the time-dependent transverse electric field because E × j must be vanish-
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ing for a single electric field. Besides, the non-linearity of the Schwinger mechanism, which
is taken into account by non-perturbatively solving the Dirac equation on a computer, plays
an important role here. Indeed, within the linear response theory, the U(1) charge current
should flow in the direction exactly proportional to E, for which E × j = 0 follows. Note
also that the spin current oscillates in T after some transient behaviors at small T , which
originates from the oscillation of E × j (see Fig. 3).
In addition to (Jsy)
x, (Jsy)
z, Fig. 1 shows that (Jsx)
y, (Jsz)
y are non-vanishing as well.
This is a relativistic effect: For relativistically light particles, helicity is approximately con-
served, i.e., spin and momentum directions tend to be aligned in the same direction. Thus,
the spin alignment, which is originally directing to the y-direction, is modified to the mo-
mentum direction. At the same time, the momentum direction is also modified to the spin
direction. Therefore, we have non-vanishing (Jsx)
y, (Jsz)
y from the spin current components
induced by the spin-orbit coupling (Jsy)
x, (Jsy)
z. Indeed, one can show
ijkψ(0)†p,s P
jΣkψ
(0)
p,s′ = imψ
(0)†
p,s γ
iψ
(0)
p,s′ . (19)
Then, by using Eq. (17), one obtains
(Jsi)
j − (Jsj)i
(Jsi)j + (Jsj)i
m→0−−−→ 0. (20)
Thus, a relativistic spin current with spin polarization si and direction j, (Jsi)
j, approaches
that with different polarization sj and direction i, (Jsj)
i, as decreasing mass because of the
helicity conservation (see Fig. 4). Note that (Jsi)
i is always vanishing. This is because
helicity has two eigenvalues ±1 (corresponding to right- and left-handed). Thus, as long as
the parity symmetry is preserved, a half of the particles is aligned in the parallel direction
and the other half is aligned in the anti-parallel direction, and their contributions to (Jsi)
i
exactly cancel with each other, which gives (Jsi)
i = 0 in total. We note that for a parity-
odd material such as a Weyl semi-metal, a non-vanishing (Jsi)
i could possibly appear which
deserves further exploration in future.
Figure 5 shows the parameter m- and Ω-dependence of the spin current. Here, we consider
the largest component (Jsy)
z only for the sake of simplicity. The top panel of Fig. 5 shows the
mass m-dependence of (Jsy)
z. As the particle production via the Schwinger mechanism is,
basically, exponentially suppressed by the mass m as N ∝ exp[−pim2/eE¯], the spin current
is also suppressed strongly by m. In other words, our spin current generation mechanism
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FIG. 4. Ratio between (Jsz)
y and (Jsy)
z for various values of mass m as a function of the duration
of the field T . The other parameters are fixed as E/E¯ = 0.2,Ω/
√
eE¯ = 1.
requires a strong electric field of the order of eE¯ & m2 to be manifest. Note that the
Bargmann-Wigner spin current J i is, by definition, divergent at massless limit as J i ∝ m−1
(see Eq. (17)). Thus, the magnitude of (Jsy)
z endlessly increases as decreasing m.
The bottom panel of Fig. 5 shows the frequency Ω-dependence of (Jsy)
z. (Jsy)
z becomes
vanishing at Ω → 0, for which E × j becomes vanishing. Basically, the magnitude of
(Jsy)
z increases as Ω increases. This is because there is no enough time for the produced
particles to change the sign of their spin alignment if the frequency Ω becomes large. Also,
the particle production is enhanced by the perturbative effect for large Ω (the dynamically
assisted Schwinger mechanism), which increases the number of spin carriers.
VI. SUMMARY
We discussed a novel spontaneous spin current generation mechanism from the vacuum
by strong electric fields. Namely, we considered a homogeneous strong slow electric field
superimposed by a fast weak transverse electric field. We showed that electrons and positrons
are spontaneously produced from the vacuum via the Schwinger mechanism, and, in turn,
are spin polarized in the perpendicular direction with respect to the two electric fields due to
the spin-orbit coupling. As a result, a spin current polarized in the perpendicular direction
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FIG. 5. (Jsy)
z as a function of T for various values of mass m for Ω/
√
eE¯ = 1 (top) and of
frequency Ω for m/
√
eE¯ = 1 (bottom). The strength of the weak field is fixed as E/E¯ = 0.2.
flows mostly in the longitudinal direction. We also found that a relativistic effect due to
the helicity conservation modifies direction/polarization of a spin current, which results in
a non-vanishing spin current flowing in the perpendicular direction with polarization along
the electric fields’ direction.
Our findings suggest a novel viewpoint, i.e., spin, to study the Schwinger mechanism, and
propose novel spin-dependent observables for the up-coming laser experiments (e.g., ELI [30]
and HiPER [31]). Unfortunately, it is still difficult within the current laser technologies to
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realize the critical electric field strength eE¯cr ≡ m2e required by the Schwinger mechanism
to be manifest. Nevertheless, the dynamical assistance by the fast weak field dramatically
lowers the critical field strength by several orders of magnitude [15–19] (even for transverse
weak fields [32, 33]), and the resulting spin current would also be enhanced by increasing
the frequency Ω (see Fig. 5).
A similar spin current generation mechanism should occur in condensed matter materials
as well. Dirac semi-metals, graphenes, and semi-conductors such as GaAs are good candi-
dates, in which electrons’ dynamics is governed by equations similar to the Dirac equation
with small gap energy and our formulation may directly be applied3. This is not only in-
teresting to high-energy physics, but also to condensed matter physics. Indeed, the present
mechanism offers a novel way to generate a spin current in condensed matter materials which
does not require either any spin carriers at initial time (i.e., the Fermi surface is inside of
the gap) or any special conditions/matters (e.g. symmetry breakings, impurities, interband
mixings) other than an ordinary Dirac fermion. This is in contrast to the conventional spin
current generation mechanisms (e.g. spin-Hall effect [10–12], the Rashba-Edelstein effect
[34]) which require the existence of a spin carrier or a Fermi surface in a conduction band
and/or special conditions/matters to realize a large spin-orbit coupling. In addition, our
spin current generation mechanism is purely a non-linear effect which cannot be described
within the conventional perturbative approaches (e.g. Kubo formalism). In fact, the non-
linearly of the Schwinger mechanism plays an essential role in realizing E × j 6= 0, which is
the driving force for our spin current generation mechanism. Furthermore, the superposition
of two electric fields is another essence of our spin current generation mechanism. Such a
superimposed electric field configuration and its influence on spin dynamics have not been
discussed extensively in the previous researches. Our findings suggest that superposition of
electric fields results in non-trivial spin dynamics, even if each single electric field does not.
It would be worthwhile to further investigate such cooperative effects due to superposition
of electric fields on controlling/generating a spin current. Note that a spin current genera-
tion mechanism for a Dirac fermion with a Fermi surface inside of the gap via the spin-Hall
3 The relativistic Dirac Hamiltonian is a 4×4 matrix, which may look distinct from typical 2×2 Hamiltonians
used to describe non-relativistic condensed matter materials, because of the additional anti-particle degree
of freedom. However, because of the CP symmetry, particle and anti-particle degrees of freedom contribute
to physical observables by the same amount. In this sense, the existence of the anti-particle degree of
freedom is not important for the present spin current generation mechanism, and hence the size of the
Hamiltonian does not matter.
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effect was previously discussed in Ref. [35]. This mechanism is distinct from ours because it
requires the existence of impurities; is a perturbative effect; and occurs even with a single
electric field.
In addition to applications to condensed matter systems, there appear very strong elec-
tromagnetic fields in some extreme systems such as heavy ion collisions, neutron stars, and
the early Universe. It is interesting to study phenomenological/observational consequences
of our spin current generation mechanism in such extreme systems. We leave this as a future
work.
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